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Abstract. In this paper, we first introduce a class of nonlinear mappings called gener-
alized nonspreading which contains the class of nonspreading mappings in a Banach
space and then prove a fixed point theorem, a nonlinear mean convergence theorem
of Baillon’s type and a weak convergence theorem of Mann’s type for such nonlin-
ear mappings in a Banach space. Using these theorems, we obtain some fixed point
theorems, nonlinear mean convergence theorems and weak convergence theorems in
a Banach space.
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1. Introduction

Let H be a real Hilbert space with inner product (-, -) and norm || - || and
let C be a nonempty subset of H. Let 7' be a mapping of C into H. Then
we denote by F(T') the set of fixed points of 7. A mapping T : C — H is
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called nonexpansiveif |Tx — Ty|| < ||lx — y| forall x, y € C. An important
example of nonexpansive mappings in a Hilbert space is a firmly nonexpan-
sive mapping. Let C be a nonempty subset of H. A mapping F : C — H is
said to be firmly nonexpansive if

|Fx — Fy|* < (x —y, Fx — Fy)

for all x, y € C; see, for instance, Browder [6] and Goebel and Kirk [8].
It is known that a firmly nonexpansive mapping F can be deduced from
an equilibrium problem in a Hilbert space; see, for instance, [4] and [7].
Recently, Kohsaka and Takahashi [26], and Takahashi [35] introduced the
following nonlinear mappings which are deduced from a firmly nonexpansive
mapping in a Hilbert space. A mapping 7 : C — H is called nonspreading
[26] if

201Tx — Tyl? < ITx — yII> + I Ty — x|I?

forall x, y € C. Amapping T : C — H is called hybrid [35] if
3|Tx — Tyl* < llx — yI*> + ITx — ylI> + ITy — x|?

for all x, y € C. They proved fixed point theorems for such mappings; see
also Kohsaka and Takahashi [25] and Iemoto and Takahashi [17]. Recently,
Kocourek, Takahashi and Yao [22] defined a broad class of nonlinear map-
pings containing the classes of nonexpansive mappings, nonspreading map-
pings and hybrid mappings in a Hilbert space: A mapping 7 : C — H is
called generalized hybrid [22] if there are ¢, B € R such that

(L) alTx=TyP+(-a)llx=Ty|* < BITx—y[*+(1—B)Ix—y|?

for all x,y € C. We call such a mapping an («, f8)-generalized hybrid
mapping. Then, Kocourek, Takahashi and Yao [22] proved a fixed point the-
orem for such mappings in a Hilbert space. Further, they proved a nonlinear
mean convergence theorem of Baillon’s type [3] in a Hilbert space.

In this paper, motivated by these results, we first introduce a class of non-
linear mappings called generalized nonspreading which contains the class
of nonspreading mappings in a Banach space and then prove a fixed point
theorem, a nonlinear mean convergence theorem of Baillon’s type and a
weak convergence theorem of Mann’s type for such nonlinear mappings in a
Banach space. Using these theorems, we obtain some fixed point theorems,
nonlinear mean convergence theorems and weak convergence theorems in a
Banach space.
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2. Preliminaries

Let E be a real Banach space with norm || - || and let E* be the topological
dual space of E. We denote the value of y* € E* atx € E by (x, y*). When
{x,}is a sequence in E, we denote the strong convergence of {x,} tox € E by
X, — x and the weak convergence by x;, — x. The modulus § of convexity
of E is defined by
8(e) = inf{l - w Sl =Lyl = Lllx =yl = 6}

for every € with 0 < € < 2. A Banach space E is said to be uniformly
convex if §(¢) > O for every € > 0. A uniformly convex Banach space is
strictly convex and reflexive. Let C be a nonempty subset of a Banach space
E. Amapping T : C — E isnonexpansive[5,9, 19]if |[Tx—Ty| < [lx—y||
forall x,y € C. Amapping T : C — E is quasi-nonexpansive if F (1) # ¢
and |Tx —y|| < |lx — y| forallx € C and y € F(T), where F(T) is the
set of fixed points of 7. If C is a nonempty closed convex subset of a strictly
convex Banach space E and T : C — C is quasi-nonexpansive, then F(T)
is closed and convex; see Itoh and Takahashi [18]. Let E be a Banach space.
The duality mapping J from E into 2% " is defined by

Jx = {x* € E*: (x,x*) = x| = [Ix*|%)

foreveryx € E.Let U = {x € E : ||x|| = 1}. The norm of E is said to be
Gateaux differentiable if for each x, y € U, the limit
Q.0 lim llx + eyl — x|l

t—0 t
exists. In the case, E is called smooth. We know that E is smooth if and
only if J is a single-valued mapping of E into E*. We also know that E is
reflexive if and only if J is surjective, and E is strictly convex if and only
if J is one-to-one. Therefore, if E is a smooth, strictly convex and reflexive
Banach space, then J is a single-valued bijection. The norm of E is said to be
uniformly Gateaux differentiable if for each y € U, the limit (2.1) is attained
uniformly for x € U. It is also said to be Fréchet differentiable if for each
x € U, the limit (2.1) is attained uniformly for y € U. A Banach space E is
called uniformly smooth if the limit (2.1) is attained uniformly for x, y € U.
It is known that if the norm of E is uniformly Gateaux differentiable, then J
is uniformly norm-to-weak™ continuous on each bounded subset of E, and if
the norm of E is Fréchet differentiable, then J is norm-to-norm continuous.
If E is uniformly smooth, J is uniformly norm-to-norm continuous on each
bounded subset of E. For more details, see [31, 32]. The following result is
also well known; see [32].
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Theorem 2.1. Let E be a smooth Banach space and let J be the duality
mapping on E. Then, (x —y, Jx — Jy) > 0 forallx,y € E. Further, if E is
strictly convex and (x —y, Jx — Jy) =0, then x = y.

Let E be a smooth Banach space. The function ¢: E x E — (—00, 00)
is defined by

d(x,y) = x> = 2(x, Jy) + lIylI?

for x, y € E, where J is the duality mapping of E; see [1] and [20]. We have
from the definition of ¢ that

(2.2) d(x,y) =¢x,2) + ¢z, y) +2{(x —z, Jz = Jy)

for all x, y,z € E. From (||x|| — |ly])? < ¢(x, y) forall x, y € E, we can
see that ¢ (x, y) > 0. Further, we can obtain the following equality:

(23) 2(x—y,Jz—Jw)=¢(x,w)+¢(y,2) —d(x,2) — d(y, w)
for x, y, z, w € E.If E is additionally assumed to be strictly convex, then
2.4) ¢(x,y) =0 x =y.

The following theorems are in Xu [39] and Kamimura and Takahashi [20].

Theorem 2.2 (Xu [39]). Let E be a uniformly convex Banach space and let
r > 0. Then there exists a strictly increasing, continuous and convex function
g : [0, 00) — [0, 00) such that g(0) = 0 and

Iax + (1= )yl2 < Alxl? + A = DIyllF = A0 = 2glx — vl

forallx,y € By and > with0 < A < 1, where B, ={z € E : |z| <r}.

Theorem 2.3 (Kamimura and Takahashi [20]). Let E be smooth and uni-
formly convex Banach space and let r > 0. Then there exists a strictly
increasing, continuous and convex function g:[0,2r] — R such that

g(0) =0and
glllx =yll) < é(x, y)
forallx,y € B,, where B, ={z € E : ||z|| <r}.

Let E be a smooth Banach space and let C be a nonempty subset of E.
Then a mapping T : C — E is called generalized nonexpansive [11, 13, 15]
if F(T) # @ and

o(Tx,y) <¢(x,y)

forall x € C and y € F(T). Let D be a nonempty subset of a Banach
space E. A mapping R : E — D is said to be sunny if
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R(Rx +t(x — Rx)) = Rx

forall x € E and r > 0. A mapping R : E — D is said to be a retraction
or a projection if Rx = x for all x € D. A nonempty subset D of a smooth
Banach space E is said to be a generalized nonexpansive retract (resp. sunny
generalized nonexpansive retract) of E if there exists a generalized nonex-
pansive retraction (resp. sunny generalized nonexpansive retraction) R from
E onto D; see [10—12] for more details. The following results are in Ibaraki
and Takahashi [11].

Theorem 2.4 (Ibaraki and Takahashi [11]). Let C be a nonempty closed
sunny generalized nonexpansive retract of a smooth and strictly convex
Banach space E. Then the sunny generalized nonexpansive retraction from
E onto C is uniquely determined.

Theorem 2.5 (Ibaraki and Takahashi [11]). Let C be a nonempty closed
subset of a smooth and strictly convex Banach space E such that there exists a
sunny generalized nonexpansive retraction R from E onto C and let (x, 7) €
E x C. Then the following hold:

(1) z=Rxifandonlyif (x —z,Jy — Jz) <O0forally € C;
(i) ¢(Rx,z) +¢(x, Rx) < ¢(x, 2).

In 2007, Kohsaka and Takahashi [24] proved the following results:

Theorem 2.6 (Kohsaka and Takahashi [24]). Let E be a smooth, strictly
convex and reflexive Banach space and let C be a nonempty closed subset of
E. Then the following are equivalent:

(a) C is a sunny generalized nonexpansive retract of E;
(b) C is a generalized nonexpansive retract of E;
(c) JC is closed and convex.

Theorem 2.7 (Kohsaka and Takahashi [24]). Let E be a smooth, strictly
convex and reflexive Banach space and let C be a nonempty closed sunny
generalized nonexpansive retract of E. Let R be the sunny generalized non-
expansive retraction from E onto C and let (x, z7) € ExC. Then the following
are equivalent:

(i) z = Rx;
(i) ¢ (x,2) = minyecP(x,y).

Very recently, Ibaraki and Takahashi [16] also obtained the following
result concerning the set of fixed points of a generalized nonexpansive

mapping.
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Theorem 2.8 (Ibaraki and Takahashi [16]). Let E be a reflexive, strictly
convex and smooth Banach space and let T be a generalized nonexpansive

mapping from E into itself. Then, F(T) is closed and J F(T) is closed and
convex.

The following is a direct consequence of Theorems 2.6 and 2.8.

Theorem 2.9 (Ibaraki and Takahashi [16]). Let E be a reflexive, strictly
convex and smooth Banach space and let T be a generalized nonexpansive
mapping from E into itself. Then, F(T) is a sunny generalized nonexpansive
retract of E.

3. Fixed point theorems

In this section, we try to extend Kocourek, Takahashi and Yao’s fixed point
theorem [22] in a Hilbert space to that in a Banach space. Let E be a smooth
Banach space, let C be a nonempty closed convex subset of E and let J be
the duality mapping from E into E*. Then, a mapping T : C — E is called
generalized nonspreading if there are «, 8, y, § € R such that

ap(Tx, Ty) + (1 —a)p(x, Ty) + y{¢p(Ty, Tx) — ¢(Ty, x)}
G =pp(Tx,y)+ (A= Pp(x,y) +8{d(y, Tx) — o (y, x)}

for all x,y € C, where ¢(x,y) = ||x||*> — 2(x, Jy) + ||y||* forx, y € E.
We call such a mapping an (e, 8, y, §)-generalized nonspreading mapping.
Let T be an (a, B, v, §)-generalized nonspreading mapping. Observe that if
F(T) # @, then ¢ (u,Ty) < ¢(u,y) forallu € F(T) and y € C. Indeed,
putting x = u € F(T) in (3.1), we obtain

¢, Ty) +y{op(Ty,u) —d(Ty, u)} < ¢(u,y) + 8{p(y, u) — ¢(y, u)}.
So, we have that
(3.2) o, Ty) <¢u,y)

forallu € F(T) and y € C. Further, if E is a Hilbert space, then we have
d(x,y)=|x — y||? for x, y € E. So, from (3.1) we obtain the following:

allTx = Tyl* + (1 —a)llx — TylI* + y{ITx — Ty||* — |lx — Ty|I*}

(3.3) <BITx —yI2+ A = B)llx = yI* +8{ITx = yII* = llx — ylI*}



Fixed point theorems and ergodic theorems 73

for all x, y € C. This implies that
@+ PITx = Tyll> + {1 — (@ + )}lx — Tyl?
(3.4) <B+OITx —yI*+{1— (B +}x — ylI?

forall x, y € C. Thatis, T is a generalized hybrid mapping [22] in a Hilbert
space. Now, using the technique developed by [30], we prove a fixed point
theorem for generalized nonspreading mappings in a Banach space.

Theorem 3.1. Let E be a smooth, strictly convex and reflexive Banach space
and let C be a nonempty closed convex subset of E. Let T be a generalized
nonspreading mapping of C into itself. Then, the following are equivalent:

(@) F(T) #9;
(b) {T"x} is bounded for some x € C.

Proof. Let T be a generalized nonspreading mapping of C into itselt. Then,
there are «, 8, y, 6 € R such that

ap(Tx, Ty)+ (1 —a)p(x, Ty) +y{¢(Ty, Tx) —p(Ty, x)}
=Pe(Tx,y)+ = B)px, y)+8{¢(y, Tx) —d(y, x)}

forall x,y € C.If F(T) # 0, then ¢p(u, Ty) < ¢(u,y) forallu € F(T)
and y € C. So, if u is a fixed point in C, then we have ¢ (u, T"x) < ¢ (u, x)
foralln € N and x € C. This implies (a) = (b). Let us show (b) = (a).
Suppose that there exists x € C such that {7"x} is bounded. Then for any
y € C and k € NU {0}, we have
ad(T*x, Ty)+(1=a)$(TEx, Ty) + y{p(Ty, T 'x) — ¢(Ty, T"x))
< BT, )+ (1=B)p (T x, y) +8{ (3, T ') — $(y, TN )
(3.5)=Blo (T x, Ty) + ¢(Ty, y) + 2T ' = Ty, JTy — Jy)}
+ (1= B{o(T*x, Ty) + ¢(Ty, y) + 2(T*x — Ty, JTy — Jy)}
+8{p (v, T %) — ¢ (v, T*x)).

This implies that
0<(B—a){¢p(T*x, Ty) — ¢(T*x, Ty)} + ¢(Ty, y)
(3.6) + 2(BT*'x + 1 = BT x = Ty, JTy — Jy)

— V(D (Ty, T %) — (Ty, T*x)} + 8{p (v, T*'x) — o (v, TF 1))
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Summing up these inequalities (3.6) with respectto k = 0,1,...,n — 1,
we have

0<(B—-){p(T"x,Ty) —¢(x,Ty)} +nop(Ty,y)
BT) +2(x+Tx+ - +T" "x+B(T"x —x)—nTy, JTy — Jy)
—v{o(Ty, T"x) —p(Ty, x)} + 8{¢p(y, T"x) — ¢ (y, x)}.

Dividing by n in (3.7), we have
1
0= (8- a{P(T"x, Ty) —p(x, Ty)} + Ty, y)
(3.8) 4+ 2(Syx + l,B(T”x —x)—Ty,JTy — Jy)
n

1 1
- ;V{¢>(T)’, T"x) —¢(Ty,x)} + ;5{¢>(y, T"x) — ¢(y, )},

where S,x = %ZZ;(I) T*x. Since {T"x} is bounded by assumption, {S,x}
is bounded. Thus we have a subsequence {S,,x} of {S,x} such that {S,,x}
converges weakly to a pointu € C. Letting n; — o0 in (3.8), we obtain

0<¢(Ty,y)+2u—Ty,JTy—Jy).
Putting y = u, we obtain
0<¢(Tu,u)+2(u—Tu, JTu — Ju)
(3.9) = ¢(Tu,u) + ¢(u, u) + ¢(Tu, Tu) — ¢ (u, Tu) — ¢(Tu, u)
= —¢(u, Tu).

Hence we have ¢ (u, Tu) < 0 and then ¢ (u, Tu) = 0. Since E is strictly
convex, we obtain u = Tu. Therefore F(T") is nonempty. This completes the
proof. g

Using Theorem 3.1, we have the following fixed point theorems in a
Banach space.

Theorem 3.2 (Kohsaka and Takahashi [26]). Let E be a smooth, strictly
convex and reflexive Banach space and let C be a nonempty closed convex
subset of E. Let T : C — C be a nonspreading mapping, i.e.,

¢(Tx, Ty) +¢(Ty, Tx) <¢(Tx,y)+¢(Ty,x)
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forall x,y € C. Then, the following are equivalent:

(@) F(T) #0;
(b) {T"x} is bounded for some x € C.

Proof. Puttingoe = 8 =y = 1and § = 01in (3.1), we obtain that
d(Tx, Ty)+¢(Ty, Tx) <¢p(Tx,y)+¢(Ty, x)
forall x, y € C. So, we have the desired result from Theorem 3.1. O

See [2, 21, 23, 33, 38] for examples and convergence theorems for non-
spreading mappings in a Banach space.

Theorem 3.3. Let E be a smooth, strictly convex and reflexive Banach space
and let C be a nonempty closed convex subset of E. Let T : C — C be a
hybrid mapping [35], i.e.,

20Tx, Ty)+¢(Ty, Tx) <¢(Tx,y) +¢(Ty,x) + ¢(x,y)
forall x,y € C. Then, the following are equivalent:

(@) F(T) #0;
(b) {T"x} is bounded for some x € C.

Proof. Puttinga =1, =y = % and § = 01in (3.1), we obtain that
20(Tx, Ty)+¢(Ty, Tx) <¢p(Tx,y)+¢(Ty,x) + ¢(x,y)
for all x, y € C. So, we have the desired result from Theorem 3.1. O

Theorem 3.4. Let E be a smooth, strictly convex and reflexive Banach space
and let C be a nonempty closed convex subset of E. Let T : C — C be a
mapping such that

ap(Tx,Ty)+ (A —a)p(x,Ty) < B¢(Tx,y)+ (1 — B)o(x, y)
forall x,y € C. Then, the following are equivalent:

(a) F(T) #0;
(b) {T"x} is bounded for some x € C.

Proof. Putting y = 6 = 0in (3.1), we obtain that
ap(Tx, Ty)+ (1 —a)p(x,Ty) < Bd(Tx,y)+ (1 —B)d(x,y)
for all x, y € C. So, we have the desired result from Theorem 3.1. O

As a direct consequence of Theorem 3.4, we have Kocourek, Takahashi
and Yao’s fixed point theorem [22] in a Hilbert space.
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Theorem 3.5 (Kocourek, Takahashi and Yao [22]). Ler C be a nonempty
closed convex subset of a Hilbert space H and let T : C — C be a general-
ized hybrid mapping, i.e., there are o, B € R such that

(3.10) a|ITx —Ty|*+(1—a)llx = Ty|* < BITx —ylI*+ (1= B)lIx — y|I*

forall x,y € C. Then, the following are equivalent:

(a) F(T) #9;
(b) {T"x} is bounded for some x € C.

Proof. We know that ¢(x, y) = ||x — y||> for all x, y € C in Theorem 3.4.
So, we have the desired result from Theorem 3.4. O

4. Some properties of generalized nonspreading mappings

In this section, we first discuss the demiclosedness property of generalized
nonspreading mappings in a Banach space. Let E be a Banach space and let
C be anonempty subsetof E. Let T : C — C be amapping. Then, p € C be
an asymptotic fixed point of T [29] if there exists {x,} C C such thatx, — p
and lim;,— o [|x, —Tx, || = 0. We denote by F (T) the set of asymptotic fixed
points of 7. A mapping T of C into itself is said to have the demiclosedness
property on C if F(T) = F(T).

Proposition 4.1. Let E be a strictly convex Banach space with a uniformly
Gateaux differentiable norm, let C be a nonempty closed convex subset of
E and let T be a generalized nonspreading mapping of C into itself. Then
E(T) = F(T).

Proof. Since T : C — C is a generalized nonspreading mapping, there are
o, B,v,8 € R such that

ap(Tx, Ty) + (1 —a)p(x, Ty) + y{¢(Ty, Tx) — ¢(Ty, x)}
4.1 =pop(Tx,y)+A=Pox,y) + ey, Tx) — ¢y, x)}

for all x, y € C. The inclusion F(T) C I:“(T) is obvious. Thus we show
ﬁ(T) C F(T).Letu € ﬁ(T) be given. Then we have a sequence {x,} of
C such that x,, — u and lim,  ||x;, — Tx,|| = 0. Since the norm of E is
uniformly Gateaux differentiable, the duality mapping J on E is uniformly
norm-to-weak™* continuous on each bounded subset of E; see Takahashi [31].
Thus

lim (w, JTx, — Jx,) =0

n—oo
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for all w € E. On the other hand, since T : C — C is a generalized
nonspreading mapping, we obtain that

ad(Txy, Tu) + (1 — ) (xn, Tu) + y{¢ (T, Txy) — ¢(Tu, x,)}
< BO(Txn. u) + (1 = B)p (X, 1) + 8{ (. Txy) — p(u, X))
4.2) = B{d(Txp, Tu) +¢(Tu,u) +2(Tx, — Tu, JTu — Ju)}
+ A =P, Tu) + ¢(Tu, u) +2(xn — Tu, JTu — Ju)}
+8{p (. Txy) — ¢ (u, x)).
This implies that
0< (B —a){@(Txy, Tu) — $(xn, Tu)} + ¢ (Tu, 1)
+2(BTxp+ (1 —=B)xp —Tu, JTu — Ju)
— (T, Txy) — $(Tu, x)} + 8{p (u, Txn) — ¢ (u, X))
4.3) =(B =) I Txn 1> = %0 1> = 2(Txp — X, JTu)} + (T, u)
+2(B(Txp —x0) + x5 — Tu, JTu — Ju)
— VAT xall® = 10 1> = 2(Tu, JTxp = Jx2)}
+ 8{ITxn 1> = llxall® = 20, T Txp — Jxp)}.
From
T xall* = 1xall®l = (1T |+ 1260 DT xall = [1xal]
< (ITxull + 10 DT 0 — 2,

we have | Tx,||> — |x:]> = 0 asn — oo. So, letting n — oo in (4.3), we
have that

0<o¢(Tu,u)+2(u—Tu,JTu — Ju)
=¢(Tu,u)+o¢(u,u)+¢(Tu, Tu) — ¢, Tu) —¢(Tu,u)
=—¢, Tu).

Thus ¢ (u, Tu) < 0 and then ¢ (u, Tu) = 0. Since E is strictly convex, we
obtain # = Tu. This completes the proof. g

From Matsushita and Takahashi [28], we also know the following result.
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Lemma 4.2 (Matsushita and Takahashi [28]). Let E be a smooth and
strictly convex Banach space, let C be a nonempty closed convex subset of
E and let T be a mapping of C into itself such that F(T) is nonempty. As-
sume that

¢, Ty) < ¢(u,y)
forallu € F(T)and y € C. Then F(T) is closed and convex.

Using this lemma (Lemma 4.2) and (3.2), we have the following result.

Proposition 4.3. Let E be a smooth and strictly convex Banach space, let
C be a nonempty closed convex subset of E and let T be a generalized non-
spreading mapping of C into itself such that F(T) is nonempty. Then F(T)
is closed and convex.

Proof. Tt is sufficient to consider the case that F(T) is nonempty. Then we
have from (3.2) that ¢ (u, Ty) < ¢(u, y) forallu € F(T) and y € C. From
Lemma 4.2, F(T) is closed and convex. Il

Let E be a reflexive, smooth and strictly convex Banach space. Let C be a
nonempty subset of E. Matsushita and Takahashi [28] also gave the following
definition: A mapping 7 : C — C is relatively nonexpansive if F(T) # §,
F(T) = F(T) and

¢y, Tx) < $(y,x)

forallx € C and y € F(T). Using Proposition 4.1, we prove the following
theorem.

Theorem 4.4. Let E be a strictly convex Banach space with a uniformly
Gateaux differentiable norm, let C be a nonempty closed convex subset of E
and let T be a generalized nonspreading mapping of C into itself such that
F(T) is nonempty. Then, T is relatively nonexpansive.

Proof. By assumption, F(T) is nonempty. Since T is a generalized non-
spreading mapping of C into itself, we have that

¢y, Tx) < ¢(y,x)

forall x € C and y € F(T). From Proposition 4.1, we also have I:“(T) =
F(T). Thus T is relatively nonexpansive. g

As a direct consequence of Theorem 4.4, we have the following result.

Theorem 4.5 (Kohsaka and Takahashi [26]). Let E be a strictly con-
vex Banach space with a uniformly Gdteaux differentiable norm, let C be
a nonempty closed convex subset of E and let T be a nonspreading map-
ping of C into itself such that F(T) is nonempty. Then, T is relatively
nonexpansive. g
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Proof. An (a, B, v, §)-generalized hybrid mapping 7 of C into itself such
thato = f = y = 1 and § = 0 is a nonspreading mapping. From Theorem
4.4, we have the desired result.

5. Nonlinear ergodic theorems

Let E be a smooth Banach space and let C be a nonempty closed convex
subset of E. Let T : C — E be a generalized nonspreading mapping;
see (3.1). This mapping has the property that if u € F(T) and x € C, then
¢(u, Tx) < ¢(u, x). This property can be revealed by puttingx =u € F(T)
in (3.1). Similarly, putting y = u € F(T) in (3.1), we obtain that for x € C,

ap(Tx,u) + (1 —a)¢p(x,u) + y{p @, Tx) — ¢(u, x)}
6. =pe(Tx,u)+ (A= B)¢p(x,u) +8{¢pu, Tx) — p(u, x)}

and hence

(5.2) (@=Plo(Tx,u) =, W)} + (y =), Tx) — ¢(u,x)} <0.

Therefore, we have that « > S together with y < § implies that

¢(Tx,u) < ¢(x,u).

Now, we can prove the following nonlinear ergodic theorem for generalized
nonspreading mappings in a Banach space.

Theorem 5.1. Let E be a uniformly convex Banach space with a Fréchet
differentiable norm and let C be a nonempty closed convex sunny generalized
nonexpansive retract of E. Let T : C — C be a generalized nonspreading
mapping with F(T) # @ such that ¢(Tx,u) < ¢(x,u) forall x € C and
u € F(T). Let R be the sunny generalized nonexpansive retraction of E onto
F(T). Then, for any x € C,

1n—l
Spx = — k
nX nZTx
k=0

converges weakly to an element q of F(T), where g = lim,_, oo RT"x.

Proof. We know that since C is a sunny generalized nonexpansive retract of
E, there exists the sunny generalized nonexpansive retraction P of E onto C.
On the other hand, by assumption, 7 : C — C is a generalized nonexpansive
mapping, i.e., F(T) # ¥ and
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¢(Tx,u) < ¢(x,u)

forallx € Candu € F(T).Putting S = T P, we have that S is a generalized
nonexpansive mapping of E into itself such that F(S) = F (7). Indeed, it
is obvious that F(S) = F(T). We also have that for any x € E and u €
F(S§) = F(T),

¢(Sx,u) = ¢(TPx,u) < p(Px,u) < ¢(x,u).

So, S is a generalized nonexpansive mapping of E into itself such that
F(S) = F(T). From Theorems 2.9 and 2.4, there exists the sunny gener-
alized nonexpansive retraction R of E onto F (7). From Theorem 2.7, this
retraction R is characterized by

Rx = arg min X, U).
guem)m )

We also know from Theorem 2.5 that
O0<{(v—Rv,JRv—Ju), Yue F(T), veC.
Adding up ¢ (Rv, u) to both sides of this inequality, we have
¢(Rv,u) < ¢p(Rv,u) +2{(v— Rv, JRv — Ju)
=¢(Rv,u) + ¢ (v, u) +¢(Rv, Rv)
— ¢ (v, Rv) — ¢(Rv, u)
= ¢, u) — ¢ (v, Rv).

Since ¢(Tz,u) < ¢(z,u) forany u € F(T) and z € C, it follows that

(5.3)

é(T"x, RT"x) < ¢(T"x, RT" ')
<¢(T" 'x, RT" 'x).

Hence the sequence ¢ (T"x, RT"x) is nonincreasing. Putting u = RT"x and
v = T"x withn < m in (5.3), we have from Theorem 2.3 that

g(IRT™x — RT"x||) < ¢(RT"x, RT"x)
<¢(T"x,RT"x) — ¢(T"x, RT™x)
<¢(T"x, RT"x) — ¢(T"x, RT"x),

where g is a strictly increasing, continuous and convex real-valued function
with g(0) = 0. From the properties of g, {R7"x} is a Cauchy sequence.
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Therefore {RT"x} converges strongly to a point ¢ € F(T) since F(T) is
closed from Theorem 2.8. Next, consider a fixed x € C and an arbitrary
subsequence {Sy, x} of {S,x} convergent weakly to a point v. From the proof
of the fixed point theorem (Theorem 3.1) we know that v € F(T). Rewriting
the characterization of the retraction R, we have that

0< <Tkx — RT*x, JRT*x — Ju>
and hence
<Tkx — RT*x, Ju — Jq) < <Tkx — RT*x, JRT*x — Jq)
< |IT*x — RT*x|| - |lJRT*x — Jq|
< K|JRT'x — Jql,

where K is an upper bound for || 7%x — RT*x||. Summing up these inequali-

tiesfork =0,1,...,n — 1, we arrive to
1,1,1 lnfl
Spx——Y RT*x, Ju—Jg) <K= JRT*x — Jq|,
<nx n; x, Ju q>_ ";o” x—Jq|

where S,x = %ZZ;(I) Tkx. Letting n; — oo and remembering that J is
continuous, we get

(v—qg,Ju—Jg) <O.

This holds for any u € F(T). Therefore Rv = q. But because v € F(T), we
have v = g. Thus the sequence {S,x} converges weakly to the pointg. [

Using Theorem 5.1, we obtain the following theorems.

Theorem 5.2. Let E be a uniformly convex Banach space with a Fréchet
differentiable norm. Let T : E — E be an («, B, vy, §)-generalized non-
spreading mapping such that « > B and y < §. Assume that F(T) #
and let R be the sunny generalized nonexpansive retraction of E onto F(T).
Then, for any x € E,

1 n—1
Spx = — k
nX . Z T"x
k=0
converges weakly to an element q of F(T), where g = lim,_,oc RT"x.

Proof. Since the identity mapping / is a sunny generalized nonexpansive
retraction of E onto E, E is a nonempty closed, convex sunny generalized
nonexpansive retract of E. We also know that « > B together with y < §
implies that
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¢(Tx,u) < ¢(x,u)

for all x € E and u € F(T). So, we have the desired result from
Theorem 5.1. O

Theorem 5.3 (Kocourek, Takahashi and Yao [22]). Let H be a Hilbert
space and let C be a nonempty closed convex subset of H. Let T : C — C
be a generalized hybrid mapping with F(T) # @ and let P be the metric
projection of H onto F(T). Then, for any x € C,

1n—l
Spx=—Y T*
T

k=0

converges weakly to an element p of F(T), where p = lim, oo PT"x.

Proof. Since C is a nonempty closed convex subset of H, there exists the
metric projection of H onto C. In a Hilbert space, the metric projection of H
onto C is equivalent to the sunny generalized nonexpansive retraction of E
onto C. On the other hand, a generalized hybrid mapping 7 : C — C with
F(T) # () is quasi-nonexpansive, i.e.,

¢(Tx,u) = ||Tx —ul|* < [|x — ul]> = ¢p(x, u)

for all x € C and u € F(T). So, we have the desired result from
Theorem 5.1. O

Remark. We do not know whether a nonlinear ergodic theorem of Baillon’s
type for nonspreading mappings holds or not.

6. Weak convergence theorems

In this section, we prove a weak convergence theorem of Mann’s iteration
[34] for generalized nonspreading mappings in a Banach space. For proving
it, we need the following lemma obtained by Takahashi and Yao [37].

Lemma 6.1 (Takahashi and Yao [37]). Let E be a smooth and uniformly
convex Banach space and let C be a nonempty closed subset of E such that
JC is closed and convex. Let T : C — C be a generalized nonexpansive
mapping such that F(T) # (. Let {«,} be a sequence of real numbers such
that 0 < o, < 1 and let {x,} be a sequence in C generated by x;1 = x € C
and

Xnt1 = Re(opxy + (1 —ay)Tx,), VneN,

where Rc is a sunny generalized nonexpansive retraction of E onto C. Then
{RF(ryxn} converges strongly to an element z of F(T), where Rp(r) is a
sunny generalized nonexpansive retraction of C onto F(T).
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Using Lemma 6.1 and the technique developed by [14, 27], we prove the
following theorem.

Theorem 6.2. Let E be a uniformly convex and uniformly smooth Banach
space and let C be a nonempty closed convex sunny generalized nonexpan-
sive retract of E. Let T : C — C be a generalized nonspreading map-
ping with F(T) # @ such that ¢(Tx,u) < ¢(x,u) for all x € C and
u € F(T). Let R be the sunny generalized nonexpansive retraction of E onto
F(T). Let {a,} be a sequence of real numbers such that 0 < «, < 1 and
liminf,— 0 @y (1 —an) > 0. Then, a sequence {x,} generated by x1 = x € C
and
Xn4l = pxp + (1 —oy)Tx,, VneN

converges weakly to z € F(T), where z = limy,_, 0 Rxj,.

Proof. Let m € F(T). By the assumption, we know that T is a generalized
nonexpansive mapping of C into itself. So, we have

¢ (Xng1,m) = ¢(anxn + (1 — ) Txp, m)
< an¢p(xp,m) + (1 — an)p(Txy, m)
< an@(xp,m) + (1 — )P (xp, m)
= ¢ (xXn, m).

So, lim,—, o0 ¢ (x,, m) exists. So, we have that the sequence {x,} is bounded.
This implies that {Tx,} is bounded. Put r = sup,cn{llxall, |Tx,|}. Using
Lemma 2.2, we have that

¢ (Xnr1.m) = ¢ (tnxy + (1 — ) Txp, m)
< Nlnxn + (1= ) Tx 1> = 20y + (1= ) Ty, Jm) + m?
< anllxal® 4+ (0 = @) 1T 1> = ot (1 — ) g (I Txn — Xu )

— 20y (xp, Jm) — 2(1 = 0p)(Tx, Jm) + |Im]|>
= o (x> = 2(x0, Jm) + [|m]|?)

+ (=) (ITxal* = 2(Txn, Jm) + [[m]|)

— (1 — ) g(ITx — X))
= oy (xn. m) + (1 — ) (Txn. m) — otn (1 — ) g (I T — X )
< @ (. m) + (1 = at) (n m) — otn (1 — ) (1T %0 — xa])

= ¢ (xn, m) — ay(1 —an)g(ITxn — Xnl)).
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Then, we obtain
on (I — ) gUITxp — xnll) < @ (xp, m) — @ (Xpt1, m).
From the assumption of {«,}, we have
Jim (I 7xy — xull) = 0.

Since E is reflexive and {x,} is bounded, there exists a subsequence {x;,;} of
{xn} such that x,, — v for some v € C. Since E is uniformly convex and
lim,— o || T x;, — x5 || = 0, we have from Proposition 4.1 that v is a fixed point
of T. Let {x,,} and {x,,j} be two subsequences of {x,} such that x,, — u and
Xn; = V. We know thatu, v € F(T).Puta = limy,— o0 (¢ (x, u) —p (x5, v)).
Since

¢ (s 1) — (X, v) = 20, Jv — Ju) + u|? = |Jv]?,

we have a = 2(u, Jv — Ju) + ||lul> — |v|? and a = 2(v, Jv — Ju)+
llull*> = ||lv||3. From these equalities, we obtain

u—v,Ju—Jv) =0.

Since E is strictly convex, it follows that u = v; see [32]. Therefore, {x,}
converges weakly to an element u of F(T). On the other hand, we know
from Lemma 6.1 that {Rr(7)x,} converges strongly to an element z of F'(T').
From Lemma 2.5, we also have

(xn — Rp(ryXn, JRF(yXn — Ju) > 0.

So, we have (u — z, Jz — Ju) > 0. Since J is monotone, we also have
(u—z,Jz—Ju) <0. So, we have (u — z, Jz — Ju) = 0. Since E is strictly
convex, we have z = u. This completes the proof. g

Using Theorem 6.2, we can prove the following weak convergence
theorems.

Theorem 6.3. Let E be a uniformly convex and uniformly smooth Banach
space. Let T : E — E be an (a, B, y, §)-generalized nonspreading mapping
such that « > p and y < 8. Assume that F(T) # @ and let R be the sunny
generalized nonexpansive retraction of E onto F(T). Let {o,} be a sequence
of real numbers such that0 < o, < 1 and liminf,,_, o, o, (1 — ;) > 0. Then,
a sequence {x,} generated by x1 = x € C and

Xntl =pxp+ (1 —ay)Tx,, VYneN

converges weakly to z € F(T), where z = lim,_ o Rxj.
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Proof. Since the identity mapping / is a sunny generalized nonexpansive
retraction of E onto E, E is a nonempty closed, convex sunny generalized
nonexpansive retract of E. We also know that « > B together with y < §
implies that

¢(Tx,u) < ¢(x,u)

forallx € Eandu € F(T). So, we have the desired result from Theorem 6.2.
a

Theorem 6.4 (Kocourek, Takahashi and Yao [22]). Let H be a Hilbert
space and let C be a nonempty closed convex subset of H. Let T : C — C
be a generalized hybrid mapping with F(T) # () and let P be the metric
projection of H onto F(T). Let {a,} be a sequence of real numbers such
that 0 < o, < 1 and liminf,, o o, (1 — @,) > 0. Then, a sequence {x,}
generated by x1 = x € C and

Xntl =pxp+ (1 —ay)Tx,, VneN
converges weakly to z € F(T), where z = lim,_, 5o Px,.

Proof. Since C is a nonempty closed convex subset of H, there exists the
metric projection of H onto C. In a Hilbert space, the metric projection of H
onto C is equivalent to the sunny generalized nonexpansive retraction of E
onto C. On the other hand, a generalized hybrid mapping 7 : C — C with
F(T) # () is quasi-nonexpansive, i.e.,

¢(Tx,u) = |Tx —ull* < |x —ull> = ¢(x,u)

forallx € C andu € F(T). So, we have the desired result from Theorem 6.2.
O

Remark. We do not know whether a weak convergence theorem of Mann’s
type for nonspreading mappings holds or not.
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